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Millimeter-wavelength Rayleigh scattering from water droplets in a cloud is proposed as a means of gen-
erating a bright beacon for measuring the surface profile of a radio telescope. A λ  3 mm transmitter,
with an output power of a fewwatts, illuminating a stratiform cloud, can generate a beaconwith the same
flux as Mars in 10 GHz bandwidth, but the beacon has a narrow line width, so it is extremely bright. The
key advantage of the beacon is that it can be used at any time, and positioned anywhere in the sky, as long
as there are clouds. © 2014 Optical Society of America
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1. Introduction
The surface profile of a radio telescope is generally
measured using holography. In conventional (coher-
ent) holography, the amplitude and phase of the
beam pattern are measured, and the aperture func-
tion is recovered by Fourier inversion [1,2]. The
phase reference for the measurement is provided
by an auxiliary antenna, which might be an interfer-
ometer element, or a small horn mounted on the
main telescope [3–5]. Conventional holography is
sensitive, so it is widely used for accurate surface
measurements with high spatial resolution. The
setting of most submillimeter-wavelength telescope
surfaces is based on conventional holography. In
out-of-focus (phase-retrieval) holography, the tele-
scope power pattern is measured at different focus
positions and the aperture function is recovered by
modeling [6,7]. The spatial resolution tends to be
low, because high signal-to-noise ratio is needed to
recover the aperture function, but out-of-focus holog-
raphy is useful for measuring low-order gravitational
and thermal deformations [8].
A bright source on a tower is often used for holog-
raphy at a single, low elevation to support the initial
setting of a telescope surface, butmeasurements over
a wide elevation range are needed to fully optimize
the telescope efficiency. Celestial sources are conven-
ient for measuring the surface profile versus
elevation [9]. Unfortunately, only the planets are
bright enough for measurements of submillimeter-
wavelength telescopes, and there are long periods
when no planets are visible. Transmitters on geosta-
tionary communications satellites can be used
[10–12], but most operate below 20 GHz, where
micrometer accuracy places unrealistic require-
ments on reflections and cross talk in the receiving
system. Measurements that require high accuracy
are usually made at millimeter wavelengths. Satel-
lite beacons at ∼40 GHz have been used to measure
the IRAM 30m andHeinrich Hertz Telescopes [3,12],
but the satellites have failed or drifted out of orbit. A
transmitter on a drone is another option, but stabil-
ity of the transmitter position is a problem.
What is needed is a bright, stationary, millimeter-
wavelength beacon that can be positioned anywhere
in the sky. There is as yet no radio equivalent of a
sodium laser guide star, and millimeter-wavelength
Rayleigh scattering from air molecules is too weak to
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be useful, but scattering from water droplets in
clouds seems to be a practical option for measuring
telescope surface errors in poor weather. This paper
gives performance estimates for such a scheme. The
paper begins with a description of scattering from air
molecules and water droplets, followed by a calcula-
tion of the sensitivity of surface profile measure-
ments using a Rayleigh beacon, and a discussion
of the effects of beacon geometry. The paper ends
with some comments on the practical implementa-
tion of a beacon.
2. Rayleigh Scattering
The scattering cross section of a single dielectric
sphere that is much smaller than a wavelength
is [13,14]
α  8π
3
a6k4

ϵ − 1
ϵ 2

2
; (1)
where a is the radius of the sphere, k  2π∕λ, and ϵ is
the dielectric constant of the sphere. In terms of the
molecular polarizability γ, Eq. (1) becomes [15]
α  8π
3
γ2k4: (2)
If power P is incident on a region containing dielec-
tric spheres, the scattered flux is
F ≈
PαNt
2πR2
; (3)
(e.g., in Wm−2) where N is the number density of
spheres, R is the distance to the illuminated region,
t is the thickness of the region, and the scattered sig-
nal is assumed to be uniformly spread over 2π str.
The scattered signal is the sum of contributions from
many randomly positioned spheres, so the signal is
incoherent, much like thermal radiation from the
disc of a planet.
The choice of wavelength for a Rayleigh beacon in-
volves a compromise between transmitter power,
which is higher at longer wavelengths, scattered
power, which scales with k4, and the cost of receiver
components, which is higher at shorter wavelengths.
Commercially available, high-power, pulsed klys-
trons can provide a few kilowatts peak output power
at λ  3 mm, and a few tens of watts at λ  1.5 mm
[16]. The power scales much faster than k−4, so a
λ  3 mm source is a better choice. Receivers are also
much less expensive at λ  3 mm because passive
imaging systems operate in that band. For solid-state
sources, which can produce a few hundred milliwatts
at λ  3 mm, the power scales roughly as k−4 [17], so
the low cost of receiver components determines the
beacon wavelength. All the calculations in this paper
are for a λ  3 mm beacon.
Scattering from air molecules is used to generate
beacons for optical and infrared adaptive optics [18],
but the k4 term in Eqs. (1) and (2) leads to very small
scattering at millimeter wavelengths. Oxygen and
nitrogen molecules have γ ∼ 1 Å3 [19], which gives
a cross section of 1.6 × 10−46 m2 at λ  3 mm, and
the number density of air molecules in the lower
atmosphere is N ≈ 2 × 1025 m−3, so scattering re-
turns 3 × 10−21 of the incident power per meter
length of atmosphere. The scattering region can be
made several kilometers long to increase the bright-
ness of the beacon. A 1 kW, λ  3 mm source, illumi-
nating a 5 km thick region at a distance of 10 km,
gives a scattered flux of 2.6 × 10−23 Wm−2. For
comparison, Mars at apogee is a 200 K disc, 4 arcsec
in diameter, with a flux density of 18 Jy at λ  3 mm,
so the flux is 9.0 × 10−16 Wm−2 in one polarization in
a typical radio astronomy receiver bandwidth of
10 GHz. Rayleigh scattering from air molecules at
λ  3 mm is clearly too weak to be useful, even with
a very high transmitter power.
Water droplets in clouds offer a source of larger
scattering spheres. Stratiform clouds at altitudes be-
low ∼6 km contain liquid water droplets with radius
in the range 1–10 μm, and number density up to a few
hundred per cm3 [20–23]. At λ  3 mm, the dielectric
constant of water is ∼6 [24], so droplets with a 
5 μm have a cross section of 9.8 × 10−19 m2. With
N  100 cm−3, scattering returns 9.8 × 10−11 of the
incident power, which is 10 orders of magnitude
larger than for air molecules. To achieve the same
flux as Mars in 10 GHz bandwidth requires a 5 W,
λ  3 mm source, illuminating a 100 m thick patch
of cloud 3 km away. The power requirements are
modest, so a beacon is practical when there are
low-level clouds in the sky.
At altitudes above ∼6 km, clouds contain ice crys-
tals with 1000 to 10,000 times lower number density
than the droplets in low-level clouds, but five to 10
times larger diameter [25]. The dielectric constant
of ice at λ  3 mm is about half that of liquid water
[24]. For the same transmitter power, the scattered
flux from a high-level cloudmight be an order of mag-
nitude smaller than from a low-level cloud, but the
beacon is still bright enough to be useful.
The requirement for clouds is a disadvantage
because telescopes for short radio wavelengths are
usually on sites with little cloud, so a bright beacon
is possible only in poor weather. Such a beacon is use-
ful for occasional measurements to set the telescope
surface, and to build models of thermal and gravita-
tional deformation. Unfortunately, the beacon cannot
be used for active control of the telescope surface dur-
ing astronomical observations in the best weather.
Relegating surface profile measurements to poor
weather does have an advantage in that astronomy
and surface measurements no longer have to share
good weather.
3. Sensitivity
To calculate the sensitivity of a surface profile
measurement, consider a telescope equipped with
a two-horn interferometer as in Fig. 1 [26,27]. A
beamsplitter ahead of the telescope focus provides
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two images of the source. Interferometer horn one
captures the entire core of the first image, to provide
a phase reference, while horn two is moved around
the second image to measure the electric field. The
measurement is equivalent to conventional hologra-
phy with two identical telescopes, but here the two
telescopes are generated by splitting the signal from
a single dish. A similar scheme, but with a Fourier
transform spectrometer and an incoherent detector,
is used to measure the surface of the Caltech
Submillimeter Observatory [28].
The field in the image is
Eθ  Gθ  Vθ; (4)
where θ is a point in the image, Gθ is the telescope
angular response,Vθ is the source amplitude distri-
bution, and * is the convolution operator. Equation (4)
applies even if the source is incoherent because the
phase reference for the field measurement in Fig. 1 is
the signal from the entire source. Fourier inversion of
Eθ gives
er  gr × vr; (5)
where r is a point in the aperture, and Eθ and er,
etc., are Fourier transform pairs. If the source is in
the far field, gr is the aperture function, and the
overall surface error is argg∕2k. For a point
source, which is generally the case in conventional
holography, Vθ is a delta function, so er  gr.
When the source is in the near field, the simple
Fourier rransform in Eq. (5) must be modified to
account for the finite distance to the source [4].
The sensitivity calculation for an image-plane
measurement must account for the shape of the im-
age, but we can avoid this complication by changing
to the pupil plane, where the signal is roughly uni-
form. Figure 1 shows a lens after the second image,
to generate a pupil that is sampled by horn two. In
this case, horn two measures the aperture function
directly.
The wavefront measurement error in the pupil is
σ  1
k × s∕n
; (6)
where s∕n is the signal to noise ratio at the correlator
output. The signal amplitude is
s  Ps1Ps21∕2; (7)
where Ps1 and Ps2 are the signal powers at the inter-
ferometer horns, and the noise is
n  PnBτ1∕2 ; (8)
where Pn is the noise power at each horn, B is the
predetection bandwidth, and τ is the integration
time. For receivers with noise temperature T, the
noise power is
Pn  kBTB; (9)
where kB is Boltzmann’s constant.
Horn one captures the entire signal from the first
image, so
Ps1 
1
2
FA1; (10)
where F is the source flux (e.g., in Wm−2), A1 is the
area of the telescope, and the factor 1/2 is the loss due
to the beamsplitter. Horn two samples a patch of area
A2 in the pupil, so
Ps2 
1
2
FA2; (11)
where the factor 1/2 is again due to the beamsplitter.
A2 must be a factor of a few smaller than a primary
mirror segment in order to provide enough spatial
resolution to recover the piston, tip, and tilt errors
for each segment. Combining Eqs. (6–11) gives
TX
RX
RX
POL
BS
GRID
BS
RX
RX
1
2
2
1
Fig. 1. Single-dish telescope with a beacon transmitter and a two-
horn interferometer for measuring the amplitude and phase over
the image (top) and interferometer details for measuring the
amplitude and phase over the pupil (bottom). TX is the beacon
transmitter, GRID is a wire grid that reflects the linearly polarized
output from the transmitter, POL is a quarter-wave plate, BS is a
beamsplitter, RX is a receiver, and × is a correlator.
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σ  1
k
2kBTB
FA1A21∕2
1
Bτ1∕2 ; (12)
so high sensitivity requires a small receiver band-
width and a beacon that emits a narrow line.
If a continuum source is used, the flux is
F  1
2
SB; (13)
where S is the source flux density (e.g., in
WHz−1 m−2), and the factor 1/2 is for a single polari-
zation receiver. In this case, the wavefront measure-
ment error is
σ  1
k
4kBT
SA1A21∕2
1
Bτ1∕2 ; (14)
so the receiver bandwidth should be as large as
possible.
For a measurement using a Rayleigh beacon, the
transmitter is pulsed, and the distance and thickness
of the scattering region are defined by a range gate in
the receiver. The range gate controls the period dur-
ing which the field in the image or pupil is measured.
The receiver bandwidth must be larger than the bea-
con line width and large enough to avoid smearing
the gated signal from the beacon. The line width
for a Rayleigh beacon is limited by random bulk
motions in the cloud. (Thermal motion of the water
droplets is only ∼1 μm s−1.) Radar measurements
of drizzle droplets show speeds of ∼1 1 ms−1
[29,30], and smaller droplets are unlikely to have
random motions faster than the wind speed. A
typical wind speed of 10 ms−1 gives a Doppler shift
of 3 kHz at λ  3 mm. The receiver range gate
selects scattering from a region of thickness t, so
the pulse width at the receiver is t∕c, and the receiver
bandwidth must be at least c∕t, where c is the speed
of light. For t  100 m, the bandwidth must
be 3 MHz.
From Eqs. (3) and (12), a surface profile measure-
ment with 1 m spatial resolution on a 30 m telescope
(A1  π30∕22 m2 and A2  π1∕22 m2), using a
λ  3 mm Rayleigh beacon with a  5 μm water
droplets (9.8 × 10−19 m2 scattering cross section),
N  100 cm−3, P  5 W, R  3 km, and t  100 m,
and a receiving system with T  1000 K and
B  3 MHz, gives σ  11 μm rms in τ  0.01 s
(1 s elapsed time with 1% transmitter duty cycle).
From Eq. (14), a similar measurement on Mars at
λ  3 mm, with B  10 GHz, gives σ  62 μmrms
in τ  1 s, so the beacon measurement is 30 times
faster.
4. Beacon Geometry
A. Size
If the beacon is larger than the telescope beam, the
image is smeared, and the Fourier inverse of the
image-plane field is tapered. The taper results in
lower sensitivity to surface profile errors toward
the edge of the aperture. Focus errors have a
similar effect, so the telescope must be refocused
for a beacon in the near field. The loss of sensitivity
at the edge of the aperture is a problem for both
the image-plane and pupil-plane measurements
in Fig. 1.
A Rayleigh beacon that is launched by the
telescope being measured has the same size and
shape as the telescope beam, giving Vθ  jGθj
in Eq. (4). Vθ is real because the beacon is incoher-
ent. At the telescope aperture, vr describes the
coherence of the signal, but the intensity is uniform
because the signal is the superposition of contribu-
tions from many incoherent point sources in the bea-
con. If the telescope is perfect, gr is a top hat
function, and if the beacon is also in the far field,
Gθ is real. In this case, vr  gr, so vr is a
top hat function, the size of the aperture, and the
aperture function is recovered with no taper.
A 30 m telescope that has been refocused at
R  3 km generates a λ  3 mm beacon ∼20%
larger than the far-field beamwidth of the telescope.
In this case, the beacon is only ∼0.5 m in diameter, so
the telescope is in the far field of the beacon and
vr ∼ 2J1p	∕p [31], where p  πrb∕Rλ, b is the
beacon diameter, and r  jrj. If b  1.2Rθ1, where
θ1 ≈ 1.22λ∕D1 is the far-field beamwidth, and D1
is the telescope aperture diameter, and the sensitiv-
ity degradation at the edge of the aperture is
vD1∕2 ∼ 1∕2.
Loss of sensitivity toward the edge of the aperture
can be avoided by reconstructing the wavefront
error from wavefront tilt measurements that sample
small patches in the pupil [32]. Laser guide star
systems use this approach, but it is not easy to
implement at millimeter wavelengths because the
tilt measurements require a large-format detec-
tor array.
B. Position
The position of a Rayleigh beacon on the sky is
defined by the launch telescope beam, while the dis-
tance and thickness of the beacon are defined by the
receiver range gate. If the telescope being measured
is also used to launch the beacon, and the droplet
density is uniform, telescope pointing errors do not
decenter the beacon on the receiver because the bea-
con moves with the telescope beam. Wavefront tip or
tilt through the atmosphere is also compensated
because the transmit and receive paths are the
same. Unfortunately, real clouds have spatial varia-
tions in droplet size and number density, so the
beacon moves as clouds drift through the telescope
beam. If the wavefront is measured one point
at a time, motion of the beacon adds noise to the
measurement.
A displacement of the beacon on the sky tilts the
wavefront, while a change in the distance to the bea-
con causes a defocus. The rms wavefront error due to
these effects is
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σθ 
1
4
λ
δθ
θ1
; (15)
σR 
1
16

3
p D
2
1
R
δR
R
; (16)
where δθ is the angular displacement of the beacon,
and δR is the change in distance to the beacon. For
<10 μmrms wavefront error with D1  30 m and a
λ  3 mm beacon at R  3 km, the position of the
beacon must be known within the beamwidth/75
and distance/1000. The receiver range gate limits
motion of the beacon along the line of sight, but
the range gate cannot be made very small because
a thinner scattering region returns less power, and
shorter beacon pulses require a larger receiver
bandwidth.
The position of the beacon can be measured in the
pupil plane using an array receiver to capture snap-
shots of the field over the pupil. A snapshot contains
tip, tilt, and focus errors corresponding to the aver-
age position error of the beacon during the snapshot.
Beacon position errors are degenerate with telescope
pointing and focus errors, which can be measured
easily using a celestial source, so the tip, tilt, and
focus terms can be removed from the recovered aper-
ture function, leaving only the higher-order terms
that are useful for setting the telescope surface.
The pointing and focus terms can be measured later,
during normal astronomical observations in good
weather, and corrected by adjusting the mount point-
ing and the position of the telescope secondary
mirror.
It is not necessary to measure the entire pupil with
a fully filled array receiver. A small, sparse array can
be reconfigured between successive snapshots to
build up full coverage of the pupil. The tip, tilt,
and focus errors will vary from one snapshot to
the next as the beacon moves around, so each snap-
shot must contain enough points to allow removal of
the tip, tilt, and focus terms.
The error in the telescope surface measurement is
determined by the error in each snapshot of the
pupil, and the error in a single snapshot is limited
by fitting errors for tip, tilt, and focus. The fitting
error is in turn limited by surface profile errors, so
the minimum error in the surface measurement is
limited to a fraction of the actual surface error.
The fitting error in a single snapshot is roughly
e∕m1∕2, where e is the rms surface error, and m is
the number of elements in the array receiver, so a
10-element array is needed to keep the measurement
error below ∼30% of the surface error.
C. Shape
A Rayleigh beacon is a column through the atmos-
phere, so it appears elongated when viewed off
axis [33]. For a beacon that is launched by the tele-
scope being measured, an observer in the telescope
aperture sees the beacon as a line pointing away
from the field center. The angular extent of the
line is
δθE ≈
rt
R2
: (17)
For a 30 m telescope launching a beacon with
t  100 m at R  3 km, the apparent length of the
beacon viewed from the edge of the telescope aper-
ture is RδθE  0.5 m, which is similar to the beacon
diameter calculated in Section 4.A. Elongation dis-
places the center of the beacon, resulting in wave-
front tilt of δθE∕2. Integrating the tilt over r gives
the wavefront error
σE ≈
r2t
4R2
; (18)
which is a defocus, so it can be removed from the
recovered aperture function.
5. Practical Considerations
A. Focus
The focus error is removed in a surface measurement
with a Rayleigh beacon, so the telescope does not
need to be focused accurately, but it must be focused
well enough to avoid smearing of the image and the
nuisance of phase wraps across the pupil. Focusing is
most easily accomplished by moving the secondary,
so the secondary actuator must have enough range
to accommodate a source just a few kilometers away.
B. Calibration
In a pupil-plane measurement, the recovered aper-
ture function is contaminated by wavefront errors
in the optical relay that generates the pupil. Gain
and phase errors in the receiver have a similar effect,
but can be more troublesome because the errors
change with temperature and with motion of signal
and local oscillator cables when the receiver is recon-
figured. All of these errors can be calibrated by
inserting a bright point source at the telescope focus
just before the pupil.
C. Transmitter Isolation
If the beacon is launched by the telescope that is
being measured, the receiver must be isolated from
the transmitter to prevent damage to the receiver
electronics. The receiver and transmitter must also
be coupled to the telescope with low loss. It is
unusual to have a high-power transmitter close to
the low-noise receiver on a radio telescope, but this
problem is common in radar and deep-space commu-
nication systems, and practical solutions do exist.
The power at the receiver input must be kept below
∼1 mW, so ∼40 dB isolation is needed for a 5 W
transmitter. A polarization duplexer can provide
the required isolation with only ∼0.1 dB loss [34].
In the scheme of Fig. 1, if the polarization is linear
vertical at the transmitter output, and left circular
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after the polarizer, the received signal is right circu-
lar, and the polarizer converts this to linear horizon-
tal, which the grid directs to the receiver [35–37].
Transmitted power reflecting off the center of the
secondary can illuminate the receiver directly, so
the secondary may need a scattering cone, or hole,
conjugate to the hole in the primary.
6. Conclusions
Rayleigh scattering from water droplets in a cloud
can provide a bright, millimeter-wavelength beacon
for measuring the surface profile of a telescope. The
beacon can be positioned anywhere in the sky, so it is
useful for measuring surface profile versus elevation,
it can be launched by the telescope being measured,
so pointing and tracking errors are removed, and it is
extremely bright, so measurements can be made
quickly. A λ  3 mm transmitter with 5 W peak
power and 1% duty cycle, illuminating a cloud with
∼100 10-μm-diameter droplets per cm3, allows a sur-
face measurement of a 30 m telescope, with an
accuracy of a few micrometers and 1 m spatial
resolution, in an elapsed time of 10 s per point in
the aperture. A sparse array receiver, with at least
10 elements, is needed to measure motion of the
beacon due to variations in droplet size and number
density, so a 30 × 30 surface profile map takes
∼15 min . The array receiver adds some complexity
to the system, but it is practical because of the avail-
ability of inexpensive, λ  3 mm, chip components
for passive imaging.
Thanks to Jaap Baars, Richard Dekany, Richard
Hills, Jeff Mangum, Ross Williamson, and David
Woody for useful comments.
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